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{TRODUCTION

Let
y' = £(x,y)

isent a set of stiff differential equations, subject to the initial

.tion

Yy =7y, at x=x,.
iic difficulty in the numerical solution of stiff, non-linear systems,
le requirement of stability. In order to analyse the numerical diffi-
.es that are encountered when solving such systems with implicit one-
methods, PROTHERO & ROBINSON [7] propose the scalar test-model

y' =g'(x) + 6(y - g(x)), § € €, Re(8) < O,

. g is an arbitrary function with bounded derivative. They analyse

‘tability of numerical approximations to the solution y = g of equation
and derive necessary and sufficient conditions for such stability,

. is termed S-stability. They also analyse the accuracy of numerical

ximations to the solution y = g, by considering the asymptotic form

e local truncation error for
hRe(§) > -« and h - 0,

h denotes an integration stepsize. Herewith, they propose the concept
iff-aécuracy.

In VERWER [11], we have applied the ideas of Prothero and Robinson to
alized Runge—Kutta methods. We have derived necessary and sufficient
tions for the coefficient functions, to obtain the S-stability proper-
his property has been shown to be of practical relevance for our class

thods. When applied to stiff, non-linear systems, S-stable methods




more reliable than A-stable methods.

We also considered the asymptotic form of the local truncation error,
respect to the solution y = g of (1.3), in the limit (1.4). It is of
rtance to note that our definition of stiff-accuracy differs from that

n by Prothero and Robinson. Following a suggestion of PROTHERO [8],

s more convenient to use the term stiff-consistency instead of stiff-
racy for our methods.

In VERWER [11], we suggested to develop formulas for which the asymp-
c error mentioned above, is minimized. Until now this has not been
n to be of great practical relevance for our methods, when applied to
f, non-linear systems. A more realistic approach to improve our S-stabl
ods is discussed in this report.

With the derivation of the test-model (1.3) we neglect the dependence
he Jacobian upon x on each step-interval. In order to predict the
ility and accuracy behaviour of an integration method for stiff, non-
ar systems, it is more realistic to consider test-models in which a
1ble Jacobian occurs. However, for most integration methods, and cer-
ly for ours, it is impracticable to do this (see also LAMBERT &
RDSSON [5]). To get round this difficulty, we propose for our class of
>ds the concept of <nternal S-stability, which is stronger than S-
ility. Internal S-stability imposes conditions on approximations at
rmediate points from the step-interval, while S-stability is only con-
>d with the approximation at the endpoint of the step-interval. Thus,
certain sense, this form of stability takes into account a variable
>ian matrix. In the last section of this report we shall present some
rical examples which illustrate the relevance of the various stability

:pts,

{ELIMINARIES

Let hn denote the steplength hn = x - X, and let Y, denote the

n+1
‘ical approximation to the analytical solution y(x) of system (1.1) at
t . Let Jn denote the Jacobian matrix of system (1.1) at the point

n
rn). Further, define




Aj 2° j=0,.00, m; £ =0,...,j-1,
3

rational functions with real coefficients. Then, the generalized

-Kutta method is defined by

m—-1 ( )
yn+l = yn * .Z m (thn)kn
j=0 ™J
) _ )
ko = hnf(xn+ujhn,yn 20 A. z(h J k),

the parameters pj are given by

ans of (2.4), we also define the parameter B and shall always assume
Wy = 1. This means that the scheme has always order of consistency

. For convenience, it is also assumed that u # Hy if j # k,
0,...,m=1. Results can be easily extended to the case of equal para-
S.

In the form (2.2)-(2.3), Runge-Kutta formulas are usually presented

2 literature. By putting

(3)

n+l

k9 Y §=0,...,m1,

f .
hn (xn+thn’y

(m)

Yn+#1 T Yns+r?

inge-Kutta scheme assumes the form

(0) _
yn+l = Yn,
35! L .
éiz - yn * hn KZO Y z(h J )f(x +U£ ’y(+3) 1=1, « 50,
_ (m)
Yo+l = Yp+i

.8 paper we shall use representation (2.6). Formula (2.6) may be

-ly characterized by the (m+1)*(m+1) matrix




0 0 0
Al,O 0 0
Mo a1

2.7) A=
LAm,O Am,l * ) ° Am,m—l 0_

In the next section we need the elements of the inverse

- zA(z). In order to determine these elements, we introduce

2, 8) 0. =7 A, R P U

Joksk ket e tk-1 T20t Tivto
lere the summation runs over all (k+2)-tuples (ik+1,ik,...,i
itisfy: j = 1 >i > ... >1i, > 1i_ = £. Then, by means of

k+1 k 1 0
itrix algebra, it is easily proved that the inverse of the m

2.9) I - zA(2),
; given by
- 0 0
M,o2) ] 0
.10) n(z) = nol®  my @ 1

» matri

‘unctioc
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) n; p(2) = ) oz o5k, 0(2)-

In this paper we pay no special attention to rational approximations
e exponential. For all properties and definitions which are used the
r is referred to LAMBERT [4]. We will, however, give one definition:
be A-acceptable, then R is said to be strongly A-acceptable if, in

ion,

) lim |R(z)| < 1.
Re(z)»—o

TERNAL S-STABILITY

In VERWER [11] we have studied the S-stability- and stiff-consistency
rties of the generalized Runge-Kutta method. To that end we had to

ct the dependence of the Jacobian upon x on each step-interval

n+hn]' In order to predict the stability and accuracy behaviour of a
alized Runge-Kutta method when applied to a stiff, non-linear system,
more realistic to consider test-eqﬁations in which a variable Jacobian
s. However, for integration schemes of the Runge-Kutta type (2.6) it

practicable to perform such an analysis (see also Lambert & Sigurdsson

o get round this difficulty we propose, for generalized Runge-Kutta
1s, the concept of internal S-stability, which is stronger than S-
lity. In a certain sense, this form of stability takes into account
iable Jacobian matrix.

Internal S-stability imposes more conditions on the rational functions
than S-stability. As a consequence, it will often occur that the con-
1s for internal S-stability will only hold if |arg(-8)| < o,a € (O,%).
fore, it is more convenient to discuss internal S(a)-stability rather

internal S-stability.

‘rom formulas (2.4-(2.6) we see that the intermediate vectors




o1 j=1,...,m1, are first order consistent ar

rmediate points X+ ujhn' Because method (2.6)
iff, non-linear systems, it is of importance to
e equation also with the intermediate approximat

til now, the stiffness has only been related to

- J(m
B yn+l'
We shall consider the test-equation (1.3). To

+1

2 abbreviations

(3 _ o _ .
riy -8 (xn+ujhn) <5g(xn+ujhn), J
.2)
(i) _ .
gn+] = g(xn+Ujhn)’ j=0,...,m

rthermore, we define the m+l-vectors

> _ .0 (m-1) T
rn+l = [rn+l,..., ntl 0l,
> _ r.€0) (m) ;T
.3) Ba1 = L8 yp2e 028 417
e =1[1,...,11%.
(0)

serve that in our notation g

] g(xn). Finally

define the mt+l-vector

<¥

(0) (m) ;T

. 4) BOETERRTS A

n+l Ly *

When applied to (1.3), the Runge-Kutta method

m

1

>

,5) Vo1 =

(1-20(2))"'y & + 27 ((1-2A(2))”

xre z = hn (compare VERWER [11]).

lations at the in-
lerally applied to

+ the stiffness of

I(lﬁ, j=1,...,m1.
)proximation

| with, we introduce

. m-1,

scalar equations,

yields the rela-

n+l’




Next, we define the errors

(3.6) cG) _ ) L)

ntl = Yntl T Epppp J T Oseenm,

and the error-vector

-> -> >

(3.9) ®n+1 - Yo+l T Epai

The concept of S(a)-stability is concerned with the error eéfz. We shall

now define the concept of internal S(a)-stability, which is concerned with

G) .2

the errors €312 I = l,...,m. For our class of methods, internal S(o)-

stability is a stronger form of stability than S(o)-stability.

DEFINITION 3.1. The generalized Runge-Kutta method is said to be internally

S(a)-stable, if for a differential equation of the form (1.3) and for any

real constant 60 < 0, there exists an h., > 0 such that

0

(3) (0) ;=
(3.8) |en+1| < |€n+l|’ j=1l,...,m,

‘or all stepsizes 0 < h < hy and all § with Re(§) < &,, and |arg(-6)| < a.

0

REMARK 3.1. An important effect of internal S-stability is that at each
stage of the scheme the stiff components in the numerical solution are
suppressed. This property is of importance, as in general we are dealing
7ith non-linear systems. In such a situation, the Jacobian matrix varies
wer the step—interval. In case of linear systems, the effect of internal

>-stability is that at each stage rounding errors are suppressed.

Let us derive the difference equation which governs the internal

y(a)-stability. It follows from (3.5) that

. -> _ _ -1 - -1 _ -1_ > >
3.9) €l = (I-zA(2)) y,e + z ((I-zA(z)) I)hnrn+1 AR
.. > 0) .
low 1t 1s easy to see that the dependence of €41 UPOR € 41 18 governed by

he error-equation




100 T = (Tane) R eiii + hn[z"((x-zA(z))"-I)?m1 +

+ (122 R gl - %

)/h_].

order to be able to use results from the S(a)-stability theory, we writ
10) in a component-wise representation. By means of (2.10)-(2.11), the

h component, R(J)(z) say, of the vector (I—zA(z))_IZ, can be written as
1 j=1-£

. j-
i rRP@ =147 T3

. cj Xk z(z)zk+], j=0,...,m.
=0 k=0 JI°%

the same way, the j—-th component of the vector

;= z_l((I—zA(z))_l-I);n+l, can be written as

n+l

Gy _ 35! @
12) T KEO Te,; @ The

re

j=1-£ Kk
T, . = . .
13) E’J(z) kZo cJ,k’z(z)z

component-wise representation of (3.10) thus reads

(G) _ o) (0) (i)
14) €rl - R*7(z) € el + dn s
re
() _ (i) (3) (0) (1) .
15) dn = hnTn+1 + R*7(z) 8el ~ Bnil® j=0,...,m,
(m)

arve that R represents the stability function of the integration

10d. The rational functions R(J), j=1,...,m1, may be considered as
(i)
n+l’
is a rational approximation to the exponential exp(ujz), of at least

»>ility functions for the intermediate approximations y The function
>r one. Thus, for these functions the usual definitions are applicable.
Following the same method of proof, as given in VERWER [11], p.16, we

arrive at the following result.




EM 3.1. The m-point, generalized Runge—Kutta method is internally
stable, if and only if
The stability functions R(J), j=1,...,m, are strongly A(a)-acceptable,

4 constant h > 0 exists, such that dr(lJ)/hn, j=1,...,m, 28 unitformly
bounded on {(hn,z)lhn € (0,h], |arg(-z)| < a}.

By means of this theorem, we are able to prove a result which gives

sary and sufficient conditions for the rational functions.

EM 3.2. The m—point, generalized Runge-Kutta method is intermally
stable, if and only <if

The stability functions R(j), j=1,...,m are strongly A(o)-accept-
wble,

The rational functions T!, T j=1l,.0.om; £ =0,...,j-1, have a zero

5

1t Infinity.

. Necessity: for each j = 1,...,m, diJ) reads
) i :
b d Y =y KZO Tp,; (208" (x *ugh ) - 6g(x +uph )] +

R3) (5 g(@ - o)

n+1 Ehtl”

ling to theorem 3.1, a constant h>0 exists, such that dij)/hn,
,++eom, 15 uniformly bounded on {(hn,z)lhn € (0,h], larg(-8)| < al}.
ins of expression (3.16), the necessity of assertion (b) is now easily
.ished. The necessity of assertion (a) follows immediately from the

sity of assertion (a) of theorem 3.1.

:iency: According to assertion (b), the functions z Tﬂ,j(z)’
«oom3; £ =0,...,j-1, are uniformly bounded on {z|Re(z) < 0}. Thus,
ler to prove the uniform boundedness of dﬁj)/hn, j=1l,...,my on a
! {(hn,z)lhn e (0,hl,h > 0, larg(-z)| < a}, it is sufficient to prove
lr(lJ)/hn is bounded for any fixed z,.Re(z) < 0, as hn + 0.
dr(lJ)

vanding g(x) and g'(x) about X s may be formally expanded as

I




|

. . -1
W 17) diJ) = [R(J)(z) -z KZO Tﬂ,j(z) - l]g(xn) +

. k (k)
S k-1 k k] a8 (%)
+ kzl [ Zo Tp, (@) (kup =zup) - uj] — >

r hn + 0. From relations (3.11) and (3.13), it follows that

: i-1
(i) ]
.18) RV (z) -z ) T, .(z) - 1=0.
2= &1

a result (3.17) is reduced to

. k (k)
. w -1 h g (x)
(1) _ J k=1__k, _ k| n n
.19) d -’ = kzl [ZZO Tp,;(2) (kup "=zup) uj] — >

ich implies that dr(lJ)/hn is bounded for any fixed z, Re(z) < 0, as hn >
nsequently, the sufficiency of assertion (b) is established. The suffi-

ency of assertion (a) is trivial. O

AMPLE 3.1. As an example, we give the rational functions that are neede

. order to establish internal S(a)-stability for the two-point scheme

.20) y =y, ¢t hnAz,O(thn)f(xn,yn) +

n+l

hnA2,1(thn)f(xn+ulhn’yn+hnAl,O(thn)f(Xn’yn))'

e functions are

R (z) =1+ M o2,
.21)

R (z) =1+ (1, o(2)+h, | (2)z+h, (@)1 (2,
d

To,l(z) = A]’O(Z),
22) Ty @) = by (@) + A, (DA @)z,

T (z) = AZ,](Z)'




11

K 3.2. A sufficient condition for assertion (b) of theorem 3.2, is

Aj 2° j=1,...,m; £ =0,...,j-1, has a zero at infinity. This follows
9
y from definition (3.13).

K 3.3. It should also be remarked that the conditions for internal
bility for an m-point scheme may be found more directly by succes-

y writing down the S-stability conditions for a k-point scheme, for
525...,m. In order to present a more self-contained discussion of the

lity problem, we have given the above derivation.

K 3.4. In case of equal parameters uj, j=0,...,m1, assertion (b)

2orem 3.2 can be easily modified by reordering relevant terms in
ssion (3.16).

MERICAL EXAMPLES

In order to demonstrate the relevance of the various stability con-
we have discussed, i.e., A(a)?stability, S(a)—-stability and internal
stability, we shall apply three schemes to four stiff, non-linear prob-

from literature. The problems are also discussed by ENRIGHT et al [2].
cead:

(BJUREL et al [11]).

/]

4 2
ré =, + 2y4 - 100 Y, ¥, = 2.10 Yoo
- -

'3 = 1003y, = v3;
4 2

T - -

4 710y, Ty,

'1(0) = y2(0) =1, y3(0) = y4(0) =0, 0 <x <20,

‘eference solution at x 20:

’

1

]
]

0.6397604446, Y, 0.5630850708 -2,

n
]

0.3602395553, Y, 0.3170647969.

3
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(3

I. (LINIGER & WILLOUGHBY [61).
yi = 0.01 - (1+(y1+1000)(yl+l))(0.01+y1+y2),

2
[ - -
yy = 0.01 = (1+y5) (0.01+y,+y,),
y,(0) = y,(0) =0, 0 <x <10,
reference solution at x = 10:

Yy =~ 0.10975436, Yy = 0.09977678.

:I. (GEAR [3]).

v - -

v, = 0.013y2 IOOOy]y2 2500y]y3,
= -

Y, 0.013y2 lOOOylyz,
1T -

A 2500y,y3,

y,(0) =0, y,(0) = y,(0) =1, 0 < x < 10,

reference solution at x = 10:

y, = - 0.325,4-5, y, = 0.90916832,

yy = 0.10908284]1.

(ROBERTSON [9]).
7 4
1 — e
Y, 0.04 O.O4(y1+y2) y](3.10 yi+]0 y2),

72
]
y2 3.10 Yo

y,(0) =y,(0) =0, 0 <x <10,
reference solution at x = 10:

y, = 0.1623391063; 7%, y, = 0.1586138424.

The given problems all have real eigenvalues (see ENRIGHT et al [2]).
erefore, in the present section, we shall only be concerned with stability
operties along the real axis (a=0). We emphasize that the relevance of
e stability concepts we have discussed, continuous to go on in case of
n-real eigenvalues.

The three integration schemes to be considered, all have order of
nsistency equal to three. Only stability properties along the real axis
111 be mentioned. The schemes use two stages. We shall characterize them

follows:




)

)

(VAN DER HOUWEN [10]).

0 0 0
_.l_.
A(z) = %R_(z)_z_i 0 0 .
zZ
1 3
— - 0
4
L 3 J
1 + % z
R(z) = 2 T2
1_§Z+-6-Z

scheme is L(0)-stable, but not S(0)-stable, as the function

R(z)-1-z _3
* z ’ Tl,Z(Z) A

]
To,2(2) =3

no zero at infinity.

(VERWER [111]).

g 0 0

2_1,
A(z) = L2 0
1 - TE z + TE'Z
1o, 31,
L~ 7% B
-1 1 2 - L 1.2
117zt 13 l-172+13¢

scheme is S(0)-stable, but not internally S(0)-stable, as tI

I+ —L-z -3 z2
R(l)(z) = 23 lf 7 > 3 as z » - =,
l—ﬁz+ﬁz
(2)

tability function R*“’, i.e., the stability function of the

0)-acceptable, and reads

R(Z)(Z) = 144 - 2422— 23Z§ - Z3
(z-3)"(z-4)

13

ction




0 0 0
2_1.
.7) Az) = 38 0 0
1 - Zg-z + L z2
32 8
4 8 4 32 0
I - 22 z + l-zz 1 - 22 z + l-zz
B 32 8 32 8 N

(1)

is scheme is internally S(0)-stable. Both stability functions R and

2)

are L(0)-acceptable, and read

1 - 22 z
.8) R (2) = 26 ,
1 - 22 + l 2
32 27 g%
o138, 267 2 323 3
9) R,y = 16 1024 3072
=B, L
32 )

Summarizing, method I is L(0)-stable, method II is S(0)-stable, and
thod III is internally S(0)-stable. We still have to observe that we
ve chosen these three methods only to illustrate the relevance of the
w stability theory. In this section, it is not our intention to propose
new, third order generalized Runge-Kutta scheme.

The methods were applied with the following simple step-size strategies:

(1) (2) (1 (2)

rategy A: hn = 1if x, < x < x_ then h else h , where h < <h ,

0~ t
rategy B: hn = h, i.e., a constant step-size.
ese numbers will be specified with the tables. In these tables, we give

t each j-th component the number of significant digits
_ =10

i = log (absolute error), at the endpoint of the given interval. The
tter u refers to an unstable result. The calculations have been performed

a Cyber 73-26 computer.




* problem I: h(l) = 0.01, h(z) = 0.1, xt = 0.1, 1

itegy A B

.od I IT I1I I II IIT

d] u u 11.4 u u 0.4

d2 u u 13.3 u u 1.4

d3 u u 11.0 u u 0.1

d4 u u 10.0 u u -1.3
problem II: h(l) = 0.01, h(z) = 0.1, X = 0.1,
tegy A B

od I 11 I1I I IT ITI

d] 6.6 | 5.4| 6.6 u 4.0 5.6

d2 6.6 | 5.4| 6.6 u 4.0 5.6
problem 111: D) = 0.05, n(? = 0.5, x, = 0.5,
tegy A B

od I IT | III I II 111

d1 u 9.4| 9.3 3.2 9.5

dz u 6.8| 8.4 2.4 4.8

d3 u 6.7 7.6 2.4 4.8 7.6
problem v: h‘! = 0.001, n® = 0.1, x, = 0.00
tegy A B

xd I IT | III I II I1I

i] 7.9 J10.3| 9.7 u u 4.9

iz 6.1 8.5 7.5 u u 1.0




The results of these computations indicate that the stability proper-
es, derived for the test-model (1.3), carry over to a certain extent to
n-linear systems. We observe that the internally stabilized formula III

more reliable than the S-stable formula II. In general, internally sta-
lized formulas may also be expected to be more accurate than the others.
nally, we observe that the results of these computations clearly indicate

at S-stable methods are superior to A-stable methods.

FERENCES

] BJUREL, G., G. DAHLQUIST, B. LINDBERG, S. LINDE & L. ODEN, Survey of
stiff ordinary differential equations, Comp. Sc. Report NA 70.11,

Royal Institute of Technology, Dept. of Information Processing,
Stockholm, 1970.

] ENRIGHT, W.H., T.E. HULL & B. LINDBERG, Comparing numerical methods

for stiff systems of ODEs, Techn. Report No. 69, Dept. of Comp.
Sc., Univ. of Toronto, 1974.

] GEAR, C.W., Numerical integration of stiff ordinary differential
equations, Report 221, Dept. of Comp. Sc., Univ. of Illinois,
Urbana, 1967.

] LAMBERT, J.D., Computational methods in ordinary differential equatioms,
John Wiley and Sons, London, 1973.

] LAMBERT J.D. & S.T. SIGURDSSON, Multistep methods with variable matrix
coefficients, SIAM J. Numer. Anal. 9, pp. 715-733, 1972.

] LINIGER, W. & R.A. WILLOUGHBY, Efficient numerical integration of stiff
systems of ordinary differential equations, Techn. Report
RC-1970, IBM Thomas J. Watson Research Centre, Yorktown Heights,
New York, 1967.

| PROTHERO, A. & A. ROBINSON, On the stability and accuracy of one-step
methods for solving stiff systems of ordinary differential
equations, Math. Comp. 28, pp. 145-162, 1974,




ERO, A., Private communication

I'SON, H.H., The solution of a
numerical analysis, ed. J. Wa
1967,

IR HOUWEN, P.J., One-step meth
tions for the integration of .
Notes in Mathematics 333, pp.
1972,

R}y J.G., S-stability and stiff
generalized integration metho

Centrum, Amsterdam, 1975.

* reaction ra

hompson Book

th adaptive
ential equat

74, Springer

acy for two
port NW 15/7

iattons in

Washington,

ity func-
Lecture

g, Berlin,

s of

hematisch







